A formulation for the equivalent mechanical properties (Young's modulus, shear modulus and Poisson's ratio) of the C-C bond of CNTs under tensile and bending small deformations is derived. The C-C bonds behave like structural elements with negligible lateral deformation when stretched. The results from the model have been applied to structural mechanics truss assemblies representing single wall nanotube and nanoropes, providing good comparison with existing numerical and experimental results available.
(Some figures in this article are in colour only in the electronic version) Nano-based materials and structures have seen widespread use in recent times. Typical examples are composites with dispersed nanotubes and nanoparticles [1] , and nanoresonators and oscillators for wireless applications [2] . Structural mechanics approaches have been widely considered recently to describe the deformation of carbon nanotubes [3] [4] [5] [6] 9] . The basic tenet of this popularity is the possibility of describing the nanotube layout as a frame-like structure, where the primary bonds between atoms are considered equivalent to structural beam elements, and the atoms themselves simulated as lumped masses for vibration simulations [7, 8] . In this way, simulations of mechanical properties at the atomistic level can be performed using classical finite element or matrix structural analysis codes. The elements of structural beam matrices are based on the knowledge of Young's modulus and Poisson's ratio of the beam material when considered isotropic, as well as the inertia properties of the beam section. Li and Chou [4] used the direct equivalence between force constants from total steric potential and mechanical strain energies, therefore avoiding the determination of the equivalent core material properties of the C-C bond. However, they imposed a thickness d (C-C bond diameter) for the tubes of 0.34 nm (interlayer spacing of graphite). This approach 3 Author to whom any correspondence should be addressed. has also been taken by To [10] , this time considering the shear deformation mechanism of the nanotube to correct the predictions of the mechanical properties. The thickness d of the beam is a parameter on which special focus has been drawn, because it relates to the determination of engineering constants like Young's modulus and equivalent continuum properties of the nanostructures. Different thickness values have been assumed in the open literature, ranging from 0.066 nm from MD simulations [12] , to 0.69 nm in equivalent continuum modelling [3] . The scatter of the thickness values originates from the different methods (MD, tightbinding models and DFT analysis, for example), interatomic potentials and specific numerics of the simulations. The so-called 'Yakobson paradox' [13] encapsulates the large scatter of data and contradicting values on Young's modulus SWCNTs. Recently, Huang et al have proposed an analytic approach to calculate the tension and bending rigidities of graphene sheets and CNTs using 1st and 2nd generation Brenner potentials, showing that equivalent thickness values depend on the type of mechanical loading and radius of the CNT [14] . Tserpes and Papanikos [5] have used the steric potential-mechanical strain energy equivalence to identify a C-C bond thickness and equivalent Young's and shear modulus of the bond. They identified a thickness d equal to 0.140 nm, having almost the same dimension of the covalent bond length (0.142 nm), Young's modulus E and shear modulus G of 5.59 TPa and 0.871 TPa, respectively. However, the mechanical strain energies expressions used in their approach are related to slender beams, where shear deformation and Poisson's ratio effect of the material are not taken into account. Clearly, for thick beams this assumption is not valid, and an alternative analysis would be required.
A common approach to describe the total steric potential energy of the C-C bonds in a CNT under small linear elastic deformations is the harmonic representation, omitting the electrostatic interaction [3, 4] :
U r , U θ and U τ are, respectively, the energies due to bond stretching, bond angle variation and combined dihedral angle and out-of-plane torsion. Using the harmonic representation, the single energies can be expressed as [4] 
where k r , k θ and k τ are, respectively, the force constants related to bond stretching, bending and torsional stiffness. Bond stretching variation, in-plane and twisting angle increments are indicated by r, θ and ϕ, respectively. A force model used by some authors in SWCNT mechanical simulations [3, 5] is the AMBER one [11] . It must be pointed out that Li and Chou [4] have observed a negligible influence of the force coefficients versus the overall simulated mechanical properties of the carbon nanotubes. In the context of this work, the AMBER force model is chosen for continuity with the models in [3, 5] . The AMBER force model constants k r and k θ are, respectively, 6.52 × 10 −7 N nm −1 and 8.76 × 10 −10 N nm rad −2 , while k τ is 2.78 × 10 −10 N nm
In the structural equivalent mechanics approach, the elastic constants for the equivalent continuum material composing the C-C bonds are determined equating the interatomic interaction energies and the strain energies associated with the mechanical deformation of the structural elements. Assuming that the C-C bonds behave as uniform three-dimensional beams with stretching, torsion and bending capabilities, the strain energies associated with pure axial and torsion loading can be expressed as [4, 5] 
In (3a) and (3b), E and G are the equivalent Young's and shear modulus for the bond, while A and J are the cross-section area and polar moment of inertia. The axial deformation and end beam rotation are expressed by L and β. Equation (3c) is related to a slender uniform beam with inertia moment I under pure bending, with 2α being the change in rotational angle (bond angle variation) [4] . When using the harmonic potential, equating (2a)-(2b) and (3a)-(3b) with the force constants described above and assuming a circular cross-section (CNT thickness) d for the beam, Tserpes and Papanikos [5] found a thickness d equal to 0.140 nm. For deep (thick) beams, shear deformation of the cross-section under bending should be considered, not to overestimate the deflection of the beam [17] . We follow in this case the Tserpes and Papanikos approach to calculate the equivalent continuum thickness of the C-C bond, but considering the shear deformation and the effect of Poisson's ratio of the equivalent continuum material for the covalent bond. The bending spring K bending in equation (3c) can be modified therefore as [15] 
where is the shear deformation constant
where 
where ν is Poisson's ratio of the beam element material. Imposing the equivalence between r and L, as well as between β and θ , one can obtain the following expressions for Young's and shear modulus from the equivalence between the steric and mechanical strain energies:
Inserting expressions (7a) and (7b) into the definition of shear deformation constant (5) one obtains
Imposing the equivalence between the mechanical bending strain energy and U τ , after substituting (6), (7a) and (7b) and (8) in (4), one obtains the following implicit relation between d and ν:
Equation (9) has been solved minimizing the norm of the difference between the two sides of the equation using a simplex search method. The value of L used was 0.142 nm [3] [4] [5] [6] [7] [8] . Poisson's ratio of the equivalent material for the C-C bond has been varied between −1 and 0.5, as per classical homogeneous isotropic and thermodynamically correct materials [17] . The negative Poisson's ratio (NPR) values correspond to auxetic material configurations-the material expands in all directions when pulled in only one [18] [19] [20] . Figure 1 shows the relation between Poisson's ratio value ν of the bond and the thickness d satisfying equation (9) . Imposing the isotropic material condition G = E/2(1+ν) [17] for the equivalent C-C bond medium to constrain equation (9) using a Marquardt algorithm [26] , leads to a Poisson's ratio ν = 0.034, and thickness d = 0.0844 nm. This marginally positive Poisson's ratio indicates that the C-C bond, when mechanically stretched, has a very low lateral expansion, behaving similarly to cork [23, 27] . [28] , or made of solid undergoing non-affine deformations [29] . The Poisson's ratio and thickness values have also been considered as inputs for finite element models of structural truss frames simulating zigzag (n, 0) and armchair (n, n) SWCNTs [4, 5] . Each single covalent bond was represented by a 3D 2-nodes beam with 6
• of freedom, shear deformation effects, possessing axial, bending and torsion stiffness capabilities [15] . The CNT models were subjected to pure tensile and bending loading. The tensile Young's modulus Y was determined applying the uniaxial loading F at one end of the tube, and constraining the opposite side. The resulting axial ( h) deformation was used to calculate the related stiffness, using the relation [17] . For every case, the simulations were carried out using a NewtonRaphson solver, allowing nonlinear geometric deformations. The latter solver option was retained for generality, although the interatomic harmonic potential formulation is valid only for small strains [1, 11] . The total system potential energy = U − W of the SWCNTs was evaluated for each loading condition, where U is the potential energy of the atoms system and W the virtual work on the loading force. Minimization of the potential energy was carried out with a subproblem zeroorder approximation method [30] . Poisson's ratio ν of the C-C bond was constrained between −1 and 0.5, while the thickness d was allowed to vary between 0.06 nm [31] and 0.69 nm [3] . Table 1 shows the values of Poisson's ratios and thicknesses identified for minimum potential energy for zigzag and armchair SWCNT configurations under axial loading. For all CNT configurations, Poisson's ratio related to the minimum potential energy state equal to 0.034 ± 2%, almost identical to the one identified for the above pure isotropic bond condition. The thickness d values were around 0.0838 nm for the different nanotube radii, with 0.7% difference from the pure isotropic case, providing average Young's modulus E of 16.78 TPa and shear modulus G of 8.15 TPa. For all axial loading cases, the maximum axial strain ε 11 was 6.12 × 10 −4 , well within the limits of linear elastic deformation of the tube. The armchair tubes provided a similar behaviour under axial loading, with an average thickness d of 0.0832 nm (1.42% lower than the pure isotropic case), and a Poisson's ratio of 0.034 ± 2% also in this case. It is interesting to note that the values of the tension rigidity Yd of the carbon nanotubes versus the tube radius R follow the trends of the tension rigidity calculated using the second generation Brenner potential [14] , with strong dependence of the stiffness versus chirality and tube radius for R < 1 nm. However, the tension rigidity calculated with the Brenner potential predicts a 20% stiffer carbon nanotube compared with the current model. The armchair nanotubes feature higher tension rigidity than the zigzag ones, in agreement with lattice dynamics, tight-binding and analytical models [32] . The bending loading features a different distribution of thickness d compared with the axial loading case, although the equivalent Poisson's ratio ν of the C-C bond remains constant at 0.034 ± 2.5%. From table 2, zigzag tubes have a thickness distribution with decreasing values for increasing radii, with d equal to 0.122 nm for R = 0.378 nm. For R > 1 nm, the thickness d value stabilizes around 0.0837 nm, 0.8% lower than the pure isotropic case. For armchair configurations, the behaviour of the thickness distribution for R < 1 nm is more complex; however, for radii higher than 1 nm the thickness d assumes a similar value to the zigzag configuration. The bending loading simulations have been carried out with maximum bending strains ε f = δ/L tube of 3.51 × 10 −5 . It is worth noting that zigzag and armchair tubes provide different bending modulus Y f behaviour for smaller radii, the zigzag one increasing for increasing R, the armchair with an inverse relation to the radius. For R > 1, both types of tubes tend to provide a flexural Young's modulus of 1.07-1.08 TPa. Wang has observed that for large radii zigzag and armchair configurations tend to provide the same rigidity [33] . Tombler et al [34] , and Wang et al [35] have found experimental values of the flexural modulus of 1.2 TPa for R < 8 nm. The initial radii of the nanotubes were computed using the classical geometric definition R = ( √ 3/2π)L √ m 2 + mn + n 2 , where m and n are the chiral vector index. However, it must be observed that the formula does not take into account the effect of tube curvature for small radii, while for simple tension loading the CNT radius has little effect [36] . On the overall, however, the values of the flexural modulus calculated with the current model are good in agreement with the experimental findings.
In the open literature, SWCNTs ropes have been tested using AFM methods and the engineering beam theory used to derive the flexural modulus of the nanotube assemblies [37] . A classic packing arrangement for nanotube ropes is the hexagonal one [14, 34, 40] (figure 2). The centre distance l 0 between SWCNTs in the hexagonal packing is 2R + t VdW , where t VdW is the distance between CNT walls, depending on van der Walls forces [14] . Using a structural idealization approach to estimate the flexural modulus of the hexagonal cross-section, the bending behaviour of the rope is determined by the axial deformations of the CNTs and the transport moment effect that they provide to the centre of gravity of the section [38] .
Each CNT has a polar moment of inertia I c equal to
The moment of inertia I hex of a hexagonal packing of tubes with area A c and moment of inertia I c with respect to the horizontal axis at a distance l 0 is
Considering only the axial stiffness contribution from the CNTs under bending of the whole nanorope section, the flexural modulus of the nanobundle can be expressed as
where I h = (11 √ 3/4)(2T + t VdW ) 4 is the inertia moment of the solid hexagonal section. Equation (12) (13) Figure 2 shows the variation of the rope flexural modulus for armchair and zigzag nanotubes, when t VdW = 0 (neglecting van der Walls forces) and t VdW = 0.341 nm (equilibrium distance between two graphene planes [14] ). The simulations have been carried out for ν = 0.034 and d = 0.0844 nm. The higher the CNT radius, the lower the sensitivity of the van der Walls forces on the overall flexural modulus of the rope. For R > 0.4 nm,Ȳ f assumes values ranging from 1.15±0.45 TPa, to 0.42 ± 0.1 TPa, in line with the 1 TPa measurements by Salvetat et al [37] and Krishnan et al [39] (0.9-1.7 TPa). In summary, when considering an equivalent continuum truss approach to describe the mechanical properties of CNTs, in order to use correctly the harmonic potential for the equivalent mechanical properties of the C-C bond, the shear deformation and equivalent Poisson's ratio of the equivalent bond material should be considered when inputting values for Young's and shear modulus of the truss element. From deep beam theory and minimization of the potential energy of the nanotube during axial and flexural loading, the C-C bond assumes a Poisson's ratio of 0.034, showing therefore negligible lateral deformation when stretched. The thickness of the bond assumes a value close to 0.084 nm, with slight variation under linear elastic loading for axial and bending mechanical charges. The structural mechanics models with Poisson's ratio shear correction for the C-C bonds provide similar results to existing models and experimental values in the literature, both tensile modulus, bending modulus of SWCNTs and bending loading of nanoropes.
